Question 1

1. Simplify the following expression for x

1
x = log; 81 + log, 9

> x =log; 81 + log; § = log; &

> = log;9 = log; 3> = 2log; 3 = 2.
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Question 2

2. The function f(x) = x + 3x + €* is one-to-one. Compute (f)'(1).

> (FY(D) = prry

» By trial-and-error we determine that f~*(1) = 0 (that is f(0) = 1).
f'(x) = 3x* + 3 + 2¢*.

» Hence f'(f7'(1)) = f'(0) = 5.

> Therefore (f7')'(1) = £.
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Question 3

3. Differentiate the function

R

> Use logarithmic differentiation. (Take logarithm of both sides of equation,
then do implicit differentiation.)

(2-1)*

\/X2+1 ’

> Iny =4In(x*—1) — : In(x*> 4+ 1)

ldy _ _8x X

> y=

y dx x2—1 x24+1°

v

/ _dy _ x(xP-1)* 8 1
== (2 - 2)
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Question 4

4. Compute the integral
2¢? 1
————dx.
L. x(in g7 ™

» Make the substitution u = Ing with dx = xdu. At x = 2e, have u =1

and at x = 2¢® have u = 2.
2
o = 2 e = [}

2e  x(In%)? 1

1
»=—-14+1=1
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Question 5

5. Which of the following expressions gives the partial fraction decomposition
of the function )
x°—2x+6
f(x)= 55—+
) = B3+ 9

> We have x is a linear factor of multiplicity 3, (x — 3) is a linear factor of

multiplicity 1 and (x2 + 4) is an irreducible quadratic factor of multiplicity

1.

x* —2x+6 _A B, C D | Ex+F
B(x—-3)(x2+4) x* x2 x x—-3 x2+4°
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Question 6

6. Find f'(x) if

f(x)=x"".

> One method is to use logarithmic differentiation. Let y = f(x).
> Iny =In(x™¥) = (Inx)(Inx) = (Inx)?.
> L’ _ 2lnx

y = x
> Therefore f'(x) =y’ = 2(Inx)x")~1,
> Alternatively we have f(x) = (e"*)""* = (" )?
> f/(X) _ e(lnx)2 d(IZXX)Z — e(lnx)2(2|nx)% — xlnxflnx — X(Inx)—lzlnx_
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Question 7

7. Calculate the following integral
1
/ arctan x dx .
o l1+x?

» Make the substitution u = arctan x with dx = (1 + x?)du.

1 arctan x _ 7
> fo i dx = [o* udu

™
217 2

Annette Pilkington Improper Integrals



Question 8

8. Evaluate the integral

/2
/ sin®(x) cos’ (x)dx.
0

> Use the identity 1 — cos?(x) = sin?(x).

> Let u = cos(x), du= —sin(x)dx
> foﬁp sin®(x) cos®(x)dx = 077/2(1 — cos?(x)) sin(x) cos®(x)dx =

- flo(u5 —u’) du.

1
> :fol(us_ u’) du = [%6 — %8]0
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Question 9

9. Compute the limit

» We have an indeterminate form 1°°.

> Let L =lim, 5 (%)™. Then

X | =
—_

X—

InL = lim In

x—2

Nz G) -
(5) = lim ('Hospital's rule) = I|m2 =5

> Therefore L = ez = ,/e.
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Question 10

10. Evaluate the integral
/x2 cos(2x)dx.

> We use integration by parts with u = x? and dv = cos(2x)dx, so
du = 2xdx and v = 1 sin(2x).

> fudv—uv—fvdu
[ x* cos(2x)dx = 1x*sin(2x) — [ xsin(2x)dx

> (we use integration by parts again with u1 = x, dwvi = sin(2x)dx,
duy =dx, w= %(M) )

» = Ix%sin(2x) — [—3xcos(2x) — [(—3 cos(2x))dx]

» = Ix%sin(2x) + 1xcos(2x) — Isin(2x) + C

Annette Pilkington Improper Integrals



Question 11

11. Evaluate

/%x3\/9 — x2 dx.

> two approaches work: trigonometric substitution with x = 3sin6 or
alternatively u substitution with u = 9 — x*>. The method of trigonometric
substitution is outlined here, although the latter method may be
somewhat easier.

> (x =3sinf, dx =3cosfdf) [1x*\/9—x2 dx = [81sin® 0 cos’ Od0.
» = [81(1 — cos’)sinfcos’ 0df (u= cosl, du= —sinfd0)

> = [81(u* — v*)du

> = @ —27cos’0+ C  (cosf = 2v/9 — x? [from triangle])

5
=020 _9-x)iC
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Question 12

12. Let C(t) be the concentration of a drug in the bloodstream. As the body
eliminates the drug, C(t) decreases at a rate that is proportional to the amount
of the drug that is present at the time. Thus C'(t) = kC(t), where k is a
constant. The initial concentration of the drug is 4 mg/ml. After 5 hours, the
concentration is 3 mg/ml.

> (a) Give a formula for the concentration of the drug at time t.
> C(t) = C(0)ek = 4e
> C(5) =3 =4e"
» We solve for k, k = % In (%)
1
> Substituting into C(t), we get C(t) =4 (3) 5t
» (b) How much drug will there be in 10 hours?
G RION
> (c) How long will it take for the concentration to drop to 0.5 mg/ml?
1
> C()=4(3)" =3
1
> Wesolve for t, (3)'=1 — Lin(3)=In(})=-1In8
 t= —5In8

In3—In4"
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